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Module Amenability of Banach Algebras on Some Modules

M. H. Rezaei gol*

ABSTRACT. In this paper, we investigate some properties of mod-
ular amenability of Banach algebras. Also, we will showd that If A
be a Banach algebra and A-module two-side Banach algebra, then
the cyclic modular amenability A and A? is investigated.

1. INTRODUCTION

The concept of homology was considered one of the most important
topics that studied in the middle of the 20th century in algebra trends,
including algebraic geometry, algebraic topology, and displacement alge-
bra, until Grothendieck, Kamowitz, and then Johnson raised this topic
and used it in Banach algebras, and related the concept of cohomology
with the concept of homology by an analogy. Moreover Amini in [1]
developed the concept of module amenability for a class of Banach alge-
bras which is in fact a generalization of the Johnson’s amenability. Also
the author of the present paper along with Miri and Nasrabadi in [6]
studied concept of cyclic module amenability of Banach algebras.

Let A be a Banach algebra, and X be a Banach A-bimodule. A
bounded linear map D : A —— X is called a derivation if

D(ab) = D(a) - b+ a- D(b) (a, b € A).
For each x € X, ad, : A —— X defined with
ad((a)=a-x—x-a (a € A),

is derivation. Derivations of this form are called inner derivations. Also,
a Banach algebra A is called amenable if for any Banach A-bimodule X,
every derivation D : A —— X* is inner, where X* is the dual of X. Also,
A is called weak amenable if every derivation D : A —— A*is inner. A
derivation D : A —— A+ is called cyclic if

[D(a)l(b) + [D(b)](a) =0  (a, b € A).
A Banach algebra A is called cyclic amenable if every cyclic derivation
D:A -— A~ isinner.
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The concepts of module amenability and weak module amenability for
Banach algebras which is Banach module over another Banach algebra,
has been developed by Amini in [? ] and Amini along with Bagha in [?
], respectively.

Let A and A be Banach algebras such that A is a Banach A-bimodule
with compatible actions, and let X be a left Banach A-module and a
Banach A-bimodule with the following compatible actions is called left
Banach A-A-module:

a-(a-x)=(ax-a)x, a-(a-x)=(a-a)x, a-(x-a)=(a-x)-q

foralla € A, @ € A and x € X. The right Banach A-A-module is defined
semilarly. If X be two-side Banach A-A-module, it is called Banach A-
A-module. Also, X is called a commutative (bi-commutative) Banach
A-A-module, if a-x =x-a(a.x=x.a) forallt €A, a € A and x € X.
If X is a (commutative) Banach A-A-module, then so is X*, where the
actions of A and A on X* are defined as usual:

(f.alx)=<ﬁa.x>l (f-a,x)=(f,a-x),
(a- £, x)={(x-a), (a-f,x)y={(x-a),
(€A a€E A, xEX, fEX).

Notice that, if A is a commutative Banach A-module and acts on itself
by multiplication from both sides, then it is a commutative Banach A-
A-module. In this case, the dual space A* is also a commutative Banach
A-A-module.

A bounded map D : A —— X is called a A-module derivation if for
alla, be Aand a € A:

D(axb)=D(a) £ D(b),D(ax-a) =a-D(a), D(a-a) =D(a)-q,
and
D(ab) = a - D(b) + D(a) - b.
Moreover, A-module derivation D : A —— A+ is called cyclic if it satisfy
the following condition [D(a)](b) + [D(b)](a) = O.

Definition 1.1. A Bananch algebra A is called A-module amenable if
for any commutative Banach A-A-module X, each A-module derivation
D:A—-— X*isinner. Acommutative Bananch A-bimodule A is called
weak A-module amenable, if every A-module derivation D : A —— A*is
inner.

Theorem 1.2. Let A and B be Banach algebras and commutative Ba-
nach A-bimodule. Suppose A is cyclic A-module amenable. If p : A ——
B and ¢ : A —— B are continuous A-module homomorphisms such that
Y ° ¢ =1, then B is cyclic A-module amenable.
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Proof. Suppose that, D : B —— B* be a cyclic A-module derivation.

We consider D = @* ° D - @:A-— A+ Then, for any a3, a;, as € A we
have;

(a3, D(a102)) = ((as), D(@(a1)@(az)))
= (@(as), D(p(ai)) - @(az) + @(ai) - D(¢p(az)))
= (@p(a2a3), D(p(a1))) + {p(asa1), D(p(az)))
= (a.a3, D (a1)) + (asai, D(a2))
=(as, D(a1) - a; + a1 - D(a)).

Hence, D is a continous derivation. Moreover, D is cyclic, since D is
cyclic. Now, let a € A and a1, a2 E A,

(a2, D (a - a)) = (@(a2), D((ex - a1)))
= (p(a2), a - D(¢p(a1)))
= (p(a: - a), D(p(ai)))
=(az2-«q, 5(01))
=(az a- 5(01)),

Therefore,
D(a-ai)=a-D(a1)
and semilarlly

5(01 ca) = 5(01) Q.
Thus, D is A-module derivation. Now, since A is A-module cyclic amean-
able. Then, there exist f € A* such that D =ad;. By ¢ = ¢ = I
conclude that (* ° @*=Ip*.
For any by, b; € B we get

(b2, D(ba)) = (bo, h= © @* = D = @ = (b))
= (b2, Y= (D(P(b1)))
= (Y(b2), adr(¢(b1)))
=(Y(b2), Y(b1) - f = f - Y(b1))
= (Y(bab1 — baby), f)
= (b2b1 — bib,, Y*(f))
= (b, b1 - Y*(f) — Y*(f) - b1)
= (b, ad,x(y)(b1)).

which is show that
D = adyx«(. So, B is cyclic A-module amenable. O
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Theorem 1.3. Let A be an non-unital Banach algebra, then A is cyclic
amenable if and only if A% := A @ C is too.

Proof. Firstly, suppose that D : A* —— (A*)* be an inner derivation, we
define
D: A” - (A7)
(@, a) -— D(a, ).
where D (a, a) :=(D(a), 0).
so has the form (fo, A) which fo, € A*. Due to D(a) € A*, so we give

fo and D(a) as the same and A = 0. Now, at the first D is a derivation,
becuse a, b € A and andequvalentlyforanya, 8 € C and equvalently for
any (b, 8), (g, @) € A we have

D((a, a).(b, 8)) = D (ab + a8 + ab, ab)
= (D(ab + a8 + ab), 0)
= D(ab + aB + ab, 0)
= D(ab + aB + ab)
= D(ab) + D(aB) + D(ab)
= a.(Db) + (Da).b + 6D(a) + aD(b)
= a.(Db) + (Da).b + 8D(a) + aD(b) + (D(a))(b) + (D(b))(a)
= (Da).b + 8D(a) + (D(a))(b) + a.(Db) + aD(b) + (D(b))(a)
= (D(a), 0).(b, 8) + (a, a).(D(b), 0)
=D (a, a).(b, 8) + (a,a).D (b, B)
At the second, based on the definition of D it is clear that D is cyclic.
O
Definition 1.4. Let A be Banach Algebra and A*-module two-side Ba-
nach with compatible action. If
B = (A @ A? ) with e as follow;
(a,v) ® (b, v) = (ab + av + u, LV) , (a,bE A, U, v EA?.
Also, let A” on B be define as below;
v.(a,v) = (uv.a, vv), (a,v).u=(a.u,w), ,(a€A, u,vEA?.

then B is an unital Banach algebra and A* -module two-side Banach
algebra.

Theorem 1.5. Let A be Banach algebra A -module two-side Banach
with compatible action. Let B be Banach algebra which is defined at 1.4,

Page No: 4



Journal on Communications(1000-436X) || Volume 21 Issue 9 2026 || www.jocs.review

then A is an —A? amenable w* -modular approximate if and only if B
be an -A? amenable w* -modular approximate.

Proof. At first let X be B -A” -module commutative Banach and D :
B —— X* be A*modular derevation. u € A” we have.
D(u) =uD(1)=0

so D to modular derevation D : A —— X* is restricted. Since, X is
A7 — A-module commutative Banach. Thus, D is inner. Conversly, let
X

A” — A-module commutative Banach. we can see that X isan A — B
-module commutative Banach. Now, A*-module D : A —— X* ex-
tentable to A*-module derevation D : B —— X*. we have;

D(a,u)=D(@) , (Ya€A, u€eA?
which is D is inner, so D is inner. Therefor, A is an A*-modular

amenablity. O

Theorem 1.6. Let A be Banach algebra A-module two-side Banach with
compatible action and B Banach algebra which is defined at 1.4. Also,
let A be a left and right essential A is an —A*- modular approximate
amenable w* if and only if A is A- w* - modular approximate amenable.

Proof. First side is evidence. because, A? -module is A -module. Con-
versly, let X be A# -~A-module Banach and D : A —— X* be derevation
A-module. Then, X is A* — A-module commutative Banach. Therefor,
A is -module left (right) essential. So D is linear. Then,

D((a, A).a) = D(a.a+Aa) = D(a.a)+D(Aa) = a.D(a)+AD(a) = (a, A).D(a) (VA €, a € A, a € A).

semilarly, D is homomorphisem. A”-right modular. Then, D is dere-
vation. A*-modular and so is inner. Hence, A is A-modular amenable.
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