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Abstract

The square sum degree divided by diameterdzT;Ztrixdi%i(G) of a
graph G is a square matrix whose (i,j)th entry is ;.7 wheneveri/=j
and otherwise zero. where d;, d; is the degree of /' and j* vertex of G.
In this paper, we define square sum degree divided by diameter energy
E 332(6) as sum of absolute eigenvalues of %}.‘gg) . Also obtained

some bounds an 22

o €igenvalues and energy.
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1 Introduction

The basics idea of graph theory were born in 1736 with Eulers paper in which
he solved the Konigsberg bridge problem.In the last decades graph theory
has established itself as a worthwhile mathematical disciplines and there are
many applications of graph theory to a wide variety of subjects which include
operation research, Physics, Chemistry, Economics, Genetics, Sociology, Engi-
neering etc. We can associate several matrices which record information about
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vertices and how they interconnected. That is we can given an algebraic struc-
ture to every graph.Many interesting result can be proved about graphs using
matrices and other algebraic properties. The main use of algebraic structure is
that we can translate properties of graphs into algebraic properties and then
using the results and methods of algebra, to deduce theorems about graphs.
We mainly concendrate on energy of graphs which was introduced by I.Gutman
in 1978[5].which is having direct connection with total it -electron energy of a
molecule in the quantum chemistry as calculated with the Huckel molecular
orbital method. Recently several results on energy related with matrices deal-
ing with degree of vertices and distance between vertices have been studied
such as distance energy[7, 9], degree sum energy [6], degree exponent energy
[11, 10], degree exponent sum energy [8, 3], degree square sum energy[2, 1, 4]
etc. In continuation with this, in order to upgrade, we now introduce concept
of degree square sum distance square energy of connected graph. The purpose
of this paper is to compute square sum degree divided by diameter matrix
denoted by SSDDD(G).

2 Square sum degree divided by diameter ma-
trix and its energy

Let G be a connected graph of order n with vertex set V (G) = (v, v, ..., Va).We
denote by d(vi) as the degree of a vertex vi which is the number of edges
incident on it and the distance between two vertices v; and v; as dj; ,the
length of the shortest path joining them. Motivated from previous research,
we now define the degree Square sum degree divided by diameter matrix of a
connected graph G as,

d2+d? . ]
by = —diclz;(]G) if there is a path between v; and v; .
0 otherwise

The square sum degree divided by diameter matrix is a symmetric matrix
with eigen valuesas Y1 = ¢ = 3 =............ = p.
The characteristic polynomial of $32(G) is given by det|¢ — Gam(G)|.
The Square sum degree divided by diameter energy of the graph G is defined
as sum of absolute values of ¢;,i=1,2,....... , P.

SD P
E (@) = i
diam -1
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3 Properties of Square sum degree divided by
diameter energy
Theorem 3.1. If eigen values ofd,.ff—mD(G) are it > ¢y >--- >4, then

>
1. Yi=0and

z 2 P+ 2
2. =2 —r =2
1 ¢ diam(G) ®
2 P+d?
where ®© = L
diam(G)

i=1

Proof. (1) Since the diagonal entries are zero the sum of leading diagonal
entries ofd%q(G) is zero .

N
Hence Yi=0.

i=1
(2) The sum of squares of latent roots ofﬁf%G) is the sum of latent roots of
[>22(G)]?,

b3 b3}

3= uij Uji
i=1 s~=1j=1
=0+2 (uy)?

i<j

2 L+d
=2 el
=201 [

diam(G)

Theorem 3.2. If co, c1 and c2 are the first three coefficients of characteristic
polynomial of 2(G) matrix, then

1. co=1,
2. c1=0and
3. C = _(D.

Proof. (i)By definition, [(y, x) = det[p! — O@].
Therefore co = 1.

(i) c1=(— 1) x trace(l) = —1x0=0.
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>t
(iii) By definition ¢, = luii uis| _ = (@il — ujug)
o ui oyl T
= = 1=i<j=p 1<i<j=p
= ujuy — 0;2j=0—(D=—CD.
1=si<j=sp 1<i<j<p

]

We have the following bounds fordiis—,g(G) using McClelland’s inequalities.
Theorem 3.3. Let G be a graph with p vertices, then the upper bound for

fjf—a‘fn(G) is

SSD V.
E ==(G) zpo.

diam

Proof. Let Y1 = (2 = --- = (), be the eigen values of ;0 (G), then by Using
Cauchy-Schwarz inequality we have,

n #2 " " #
Z N Z z e 4.2 _ Z +,
Lpl < 1 -Ll]l =p i
i=1 i=1 i=1 i=1
SSD 2
- E(G) =p20.
diam
Hence ssp v
E — (G) < 2pD.
diam

We present the following lower bounds for Ed%i(G) .

Theorem 3.4. Let G be a graph with p vertices. If T = -degi%g(G)- of G,

then the lower bound is sgp q 2
E (G) = 20 +pp — 1)t >
diam
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Proof. By definition we have,

5 "Z #2 "Z # "Z #
SSD .o .o .o
oo = Ty = Ty gy
i=1 =1 j=1
= , =
= ‘10/' + "10 ,"L,b/
i=1 i

From the inequality of arthimetic and ge('J'metric means

L =L L Y. L R
_ /=
- o= 1), I ey
Therefore 1/ o "
SSD. SRR Y. .
= % +plp—1) iJ
G =1 Wi
diam( ) i #.d,i..ij.
E . .2 " *2(p-1)
-
= ‘Y +plp — 1) Y.y, PE
i=1 i=1
- p ) . _
. 2 | B
= Wrsepp-1) i,
i=1 i=1
2
=20 +p(p — 1)tr.
Hence q
SSD 2
E — (G) = 20+p(p — 1)tr.
diam
O
Theorem 3.5. Let riand s;, 1 < i < p be positive real numbers with M =
maxisisp(ri), M2 = maxisisp(Si), M1 = minisi<p(ri), M2 = minisizn(si)
then by theorem 90 of [?]
"r r #2 m" #2
P zzszﬁ 1 MiM; mqym, zrs
r i a4 + i
) . 4 mimz M1M- )
i=1 =1 i=1

Theorem 3.6. For a graph G with p vertices let || and |(,| are the maximum

and minimum eigen values among all |i|'s of -Zifn(G) respectively, then we

have v
D

SSD oy = 8PPldalln|

E = > .
diam |pa| + [l
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Proof. Consider a graph G with p vertices let |1| and || are the maximum
and minimum eigen values among all |i|’s of jifm(G) respectively.
From theorem 3.5,
i "
r r #2 #2
1 M1M, N mym; > rs
4 mimy MM, i "

= ZZ‘.SZS
i

Let ri = 1, si = |g]|, MiM2 = |¢i|, mim> = || then

- - 1 HS = #2 lvz #2
B R 21 R [ 1l |
i=1 =1 4 |¢p| |‘1’1| i=1
From theorem 3.1
" # 2
2 SSD
4 |¢,1||¢n| diam
SSD 2 p m! ”!!! |
E = (G) - 8 (D 1
diam = (| [+ g,
g —

E Gone) = L I

Theorem 3.7. Let riand s;, 1 < i < n be non negative real numbers
with M1 = maxasisn(ri), M2 = maxas<i=n(si), m1 = mini<i=n(ri), m2 =
mini<izn(si) then by theorem 3.1 of

n
b-M n <h #2 2

n
r; s, risi < Z(Mle — mmy)?.

]

Theorem 3.8. For a graph G with p vertices, we have
r

p?
(0 = 200 - 7 (1l — Il

SD

E
diam

Proof. Consider a graph G with p vertices let |1| and || are the maximum
and minimum eigen values among all |i|’s of -Zif’n(G) respectively.
From theorem 3.7,

> v 2
ﬁ 2 52 _ = p_ _ 2
i risi = 4 (MM mims)?.

Page No: 6



Journal on Communications(1000-436X) || Volume 18 Issue 4 2023 || www.jocs.review

Square Sum Degree Divided By Diameter Energy of Graphs 7

Let ri = 1, 5; = |@i|, MaM2 = |i|, mimz = |p|, then

- 'y #2

2
2 2 = p
I Uil =7 (dal = 13l
i=1 i=1 =1
From theorem 3.1
2

_ . SsD p’
PO~ E Z2(G) = (gl — i,

dia
r
SSD 2
E (G) = 200 - P 1yl - 2
. pO = Tl — i)
]
Theorem 3.9. Let ri and s;, 1 < i < p be positive real numbers, then by [13]
p p p
2. DI
lp risi— ri si| <up)A - a)(B — b)
i=1 i=1 i=1

where a, b, A and B are real constants, that for each 1 <i<p,a<a <A
and b < b; < B. Further, u(p) =pl®3 1- 5[

Theorem 3.10. For a graph G with p vertices, we have

q
E2246) = 2p0 — plp) (0 b~ W)

diam
Proof. Consider a graph G with p vertices let |1| and || are the maximum
and minimum eigen values among all |i|’s of -Zii(G) respectively.
From theorem 3.9,

Zp'. Zp 2 g
In rsi— ri si|<wu(p)(A - a)(B — b).
i=1 =1 =1
Let ri=si=|gi|, A =B =|¢i]|, a =b = || then
Z "zp #2
b |wil*— || | = wp) ([da] = |&o]) (2] — [Wel).
i=1 i=1

From theorem 3.1

2
P20 = £ 222(G) | = ulp) (gl ~ |2
nam
q
E226) = 200 — plp) (¢ b~ ¥
diam
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4 Square sum degree divided by diameter ma-
trix and its energy for standard graphs

Theorem 4.1. Let K, be a complete graph with p vertices, then

SSD
E = (K), =2p>+12p> — 82p+116.
diam

Proof. The complete graph K, with p-vertices have their square sum degree
by diameter matrix as follows

O 0
0 2(0 — 1) 2(p — 1)? 20 — 1)
m2(p — 1) 0 2(p — 1)? 2(p — 1)
p
SSD - . . . . 1)2
diam (K ) = g P L) 2(p Ty 0 2(p - 1%,
0 i

. 2(p = 1) 2(p— 1) 2(p — 1)? 0
Its characteristic polynomial is,

2 — — - (p-1) =
W = (180" — 88ps 118 [ — (- L2g” - 4870 =80 - ap+2)

= (K
Spectra diam( p) b1
Therefore
SSD
E = —(K),=1(18p> — 88p+118)[1+| — (2p* — 4p+2)|(p — 1)
diam

=2p3 +12p* — 82p + 116.

Theorem 4.2. Let S°, B = 3 be a crown graph with 2p vertices, then

SSD | 4p3 +28p? — 172p + 236
- (S,) = .
diam " * 3
Proof. The crown graph S° with p-vertices has it’s square sum degree by di-

ameter matrix as follows
O

E

0 2(p—1)>  2(p—1)? 2(p-1)?

3 3 ==

0 2¢po3H> PAV N il 2tp7 1y

3 . 3

550 0y — [ 2(p—1)? 2(pQ1)2 2(p—1)[]

oo (sp)y =0 ar g 2
—_—
2(p31)*  2(pz1)? L 2(p-1)? 0
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h Its characterls’flﬁ polynomial is .

 —3ELB0p238 ), Cpoaped) > 5
Spectra 22D (s0) = 38P2‘1§0p+238 —(2P2;4p+2)
diam P 1 -1
Therefore
SSD _38p2—180p+238. . _(2p2—4p+2).
diam(sp) =- 3 1)+ 3 (2p — 1)

_ 4p*+28p> _ 172p+236
3

Theorem 4.3. Let Kpx2 be a cocktail party graph with 2p vertices, then

SSD
E == (Kpxa) =8p®+56p> — 344p +472.
diam
Proof. The cocktail party graph Kpx2 with 2p-vertices has it’s square sum
degree by diameter matrix as follows

] 0
0 4p — 1) 4(p — 1)? 4p — 1)?
Hp — 1)? 0 4p — 1) 4p — 1)
px2 4(p - 0 4(p - 1) .
SSD 0 v - S
diam(Kk )=04p T : . .
4p — 1) 4(p — 1)? 4(p — 1)? 0

Its characteristic polynomial is

[y — (76p> — 360p +476)] [ — (4p® — 8p+4)]* 1 =0

SSD (76p%* — 360p + 476) (4p? — 8p + 4)
Spectra _diam(prz) = 1 -1

Therefore

. SSD(K x2) = (76p* — 360p +476) - 1+ - 4p> — 8p+4 - (2p — 1)
diam P . ) : :
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= 8p® + 56p> — 344p + 472.

Theorem 4.4. Let Ky, be a double star graph with p vertices, then

1
g 222 () == (272p> _ 632p +756).
diam =~ "* 48
Proof. The double star graph Ky, with p-vertices has it's square sum degree
by diameter matrix as follows

I 0 p>+1 p+1 p*+1 2p? p2+1 p2+1|:|
3 3 3 3 3 3
— 0
2 2 pnn 22
[Pzg_l 3 3 &3_ 3 i 1D
— - p*+1
pe¥ 3 g 2 PR 2
3
SS_D 2p? p*+1  p?+1 —  p*+1
0
ps+1 2 2
ETs 3 3 3 3 3
ppy O 0
)= a2 2 2 ) )
0s 3 3 3 3 30
2 p>+1 5
3 3 3 ﬁ
(K ) .
h ih i
W - (—(35p2—129p+162)) W - (45p2-103p+122) [ — (—16p2 [ — =16]@-3) =

diam
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wIiN
o -

16 16 24 24
E 1+
p*+1 2 2 2 p*+1
3 3 3 3 3
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Its characteristic polynomial is
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a —(35p2—129p+162) (45p2—103p+122) (—16p2 ) -16

0 1 1 1 (2p - 3.
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—(35p2—129p+162) (45p>—103p+122) -16p?
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16 . . 16 . . 24 . . 24 .

-1 (272p* 632p +756)
48 '
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Theorem 4.5. Let F, be a Friendship graph with p vertices, then

SSD v
E i (F), = 9760p> — 40544p + 43792 +4(2p — 1).
iam

Proof. The Friendship graph F, with 2p+1 vertices has it’s square sum degree
by diameter matrix as follows

O O
0 2(p2+1) 2(p?>+1) ... 2(p*+1)
diam(Fp) = 2(p
2(p% +1) 4 4 0 0

Its characteristic polynomial is

h v

YY(8p 4)+ 9760p> 40544p+43792
h \ i

Y — (8p — 4) — 9760p2 — 40544p +43792 [P +(4)]* 1 =0

SSD
Spectra T~ (F,) =
diam

v/ v/
(8p — 4)+ 9760p2 — 40544p +43792 (8p — 4) — 9760p® — 40544p + 43792 4
1 1 2p-1

SSD -
Therefore, E 22> (Fp) =

v v
- (8p — 4)+ 9760p%? — 40544p + 43792 - 1+ - (8p — 4) — 9760p? — 40544p + 43792 - 1+ - 4- (2p—

.\/
= 9760p? — 40544p + 43792 + 4(2p — 1).
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